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SEMINORM AND NUMERICAL RADIUS INEQUALITIES OF
OPERATORS IN SEMI-HILBERTIAN SPACES
M. S. MOSLEHIAN1, Q. XU2 and A. ZAMANI3,∗
Abstract. Let A be a positive bounded operator on a Hilbert space
(H, 〈·, ·〉).
The semi-inner product 〈x, y〉A := 〈Ax, y〉, x, y ∈ H, induces a seminorm
‖ · ‖A on H. Let ‖T ‖A, wA(T ), and cA(T ) denote the A-operator seminorm,
the A-numerical radius, and the A-Crawford number of an operator T in the
semi-Hilbertian space
(H, ‖ · ‖A), respectively. In this paper, we present some
seminorm inequalities and equalities for semi-Hilbertian space operators. More
precisely, we give some necessary and sufficient conditions for two orthogonal
semi-Hilbertian operators satisfy Pythagoras’ equality. In addition, we derive
new upper and lower bounds for the numerical radius of operators in semi-
Hilbertian spaces. In particular, we show that
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where T ♯A is a distinguished A-adjoint operator of T . Some applications of our
inequalities are also provided.
1. Introduction
Let
(H, 〈·, ·〉) be a complex Hilbert space equipped with the norm ‖ · ‖. If M
is a linear subspace of H, then M stands for its closure in the norm topology of
H. We denote the orthogonal projection onto a closed linear subspace M of H
by PM. Let B(H) denote the C∗-algebra of all bounded linear operators on H
and let B(H)+ be the cone of positive operators of B(H), i.e.,
B(H)+ = {A ∈ B(H) : 〈Ax, x〉 ≥ 0 for all x ∈ H}.
For every T ∈ B(H) its range is denoted by R(T ), its null space by N (T ), and its
adjoint by T ∗. Any A ∈ B(H)+ defines a positive semidefinite sesquilinear form:
〈·, ·〉A : H×H → C, 〈x, y〉A = 〈Ax, y〉.
We denote by ‖ · ‖A the seminorm induced by 〈·, ·〉A, that is, ‖x‖A =
√〈x, x〉A
for every x ∈ H. Observe that ‖x‖A = 0 if and only if x ∈ N (A). Then ‖ · ‖A is
a norm if and only if A is one-to-one, and the seminormed space (H, ‖ · ‖A) is a
complete space if and only if R(A) is closed in H.
Throughout this paper, we assume that A ∈ B(H) is a positive operator. For
T ∈ B(H), the quantity of A-operator seminorm of T is defined by ‖T‖A =
sup
{‖Tx‖A : ‖x‖A = 1}. Notice that it may happen that ‖T‖A = +∞ for
some T ∈ B(H). For example, let A be the diagonal operator on the Hilbert
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space ℓ2 given by Aen =
en
n!
, where {en} denotes the canonical basis of ℓ2 and
consider the left shift operator T ∈ B(ℓ2). From now on we will denote BA(H) :={
T ∈ B(H) : ‖T‖A < ∞
}
. It can be verified that BA(H) is not a subalgebra
of B(H) in general and ‖T‖A = 0 if and only if ATA = 0. For T ∈ B(H), an
operator R ∈ B(H) is called an A-adjoint operator of T if for every x, y ∈ H, we
have 〈Tx, y〉A = 〈x,Ry〉A, that is, AR = T ∗A. Generally, the existence of an A-
adjoint operator is not guaranteed. The set of all operators that admit A-adjoints
is denoted by BA(H). Note that BA(H) is a subalgebra of B(H), which is neither
closed nor dense in B(H). Moreover, the inclusions BA(H) ⊆ BA(H) ⊆ B(H)
hold with equality if A is one-to-one and has a closed range. If T ∈ BA(H), then
the “reduced” solution of the equation AX = T ∗A is a distinguished A-adjoint
operator of T , which is denoted by T ♯A . Note that, T ♯A = A†T ∗A in which A† is
the Moore–Penrose inverse of A and the A-adjoint operator T ♯A verifies
AT ♯A = T ∗A, R(T ♯A) ⊆ R(A) and N (T ♯A) = N (T ∗A).
Recall that A† is the unique linear mapping from R(A)⊕R(A)⊥ into H satisfying
the “Moore–Penrose equations”:
AXA = A, XAX = X, XA = PR(A) and AX = PR(A)|R(A)⊕R(A)⊥ .
In general, A† 6∈ B(H). Indeed, A† ∈ B(H) if and only if A has closed range; see,
for example, [14]. For T, S ∈ BA(H), it is easy to see that ‖TS‖A ≤ ‖T‖A‖S‖A
and (TS)♯A = S♯AT ♯A. Notice that if T ∈ BA(H), then T ♯A ∈ BA(H), (T ♯A)♯A =
PR(A)TPR(A),
(
(T ♯A)♯A
)♯A = T ♯A and so
‖T‖A = sup
{|〈Tx, y〉A| : x, y ∈ H, ‖x‖A = ‖y‖A = 1}.
An operator T ∈ B(H) is called A-positive if AT ∈ B(H)+, and we write T≥A0.
Note that if T is A-positive, then ‖T‖A = sup
{〈Tx, x〉A : x ∈ H, ‖x‖A = 1}.
If, in addition, S≥AT≥A0, then ‖S‖A ≥ ‖T‖A. An operator T ∈ B(H) is said to
be A-selfadjoint if AT is selfadjoint, that is, AT = T ∗A. Observe that if T is A-
selfadjoint, then T ∈ BA(H). However, it does not hold, in general, that T = T ♯A.
More precisely, if T ∈ BA(H), then T = T ♯A if and only if T is A-selfadjoint and
R(T ) ⊆ R(A). Note that for T ∈ BA(H), T ♯AT and TT ♯A are A-selfadjoint and
A-positive and so
‖T ♯AT‖A = ‖TT ♯A‖A = ‖T‖2A = ‖T ♯A‖
2
A. (1.1)
An operator T ∈ BA(H) is called A-normal if TT ♯A = T ♯AT . It is familiar
that every selfadjoint operator is normal. However, an A-selfadjoint operator
is not necessarily A-normal. For example, consider operators A =
[
1 1
1 1
]
and
T =
[
2 2
0 0
]
. Then simple computations show that T is A-selfadjoint and TT ♯A =[
4 4
0 0
]
6=
[
2 2
2 2
]
= T ♯AT .
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The A-numerical radius and the A-Crawford number of T ∈ B(H) are defined
by
wA(T ) = sup
{∣∣〈Tx, x〉A∣∣ : x ∈ H, ‖x‖A = 1
}
and
cA(T ) = inf
{|〈Tx, x〉A| : x ∈ H, ‖x‖A = 1},
respectively (see [5, 18] and the references therein). Notice that it may happen
that wA(T ) = +∞ for some T ∈ B(H). Indeed, one can take A =
[
1 0
0 0
]
and
T =
[
0 1
1 0
]
.
Remark 1.1. Let A =
[
1 0
0 0
]
and T =
[
1 0
0 2
]
. For n ∈ N, let An =
[
1 + 1
n
0
0 1
n
]
.
It is easy to see that wA(T ) = 1 and wAn(T ) = 2 for every n ∈ N. Thus
lim
n→+∞
wAn(T ) 6= wA(T ). This example shows a nontrivial generalization from the
identity operator to a general positive semidefinite operator A.
It has recently been shown in [18, Theorem 2.5] that if T ∈ BA(H), then
wA(T ) = sup
θ∈R
∥∥∥∥e
iθT + (eiθT )♯A
2
∥∥∥∥
A
. (1.2)
Further, it is known that wA(·) defines a seminorm on BA(H), and that for every
T ∈ BA(H),
1
2
‖T‖A ≤ wA(T ) ≤ ‖T‖A. (1.3)
Moreover, it is known that if T is A-selfadjoint (or A-normal), then wA(T ) =
‖T‖A. For proofs and more facts about A-numerical radius of operators, we refer
the reader to [5, 18]. Some other related topics can be found in [1, 2, 3, 4, 8, 9,
10, 11, 12, 13, 15, 17].
In Section 2, we discuss some useful seminorm inequalities and equalities for
semi-Hilbertian space operators. First, we present some refinements of the trian-
gle inequality in BA(H). Then, for T, S ∈ BA(H), we characterize the equality
‖T + S‖A = ‖T‖A + ‖S‖A. We also give some necessary and sufficient condi-
tions for two orthogonal semi-Hilbertian operators to satisfy Pythagoras’ equal-
ity. In addition, we prove that ‖T + S‖A = 2max
{‖T‖A, ‖S‖A} if and only if
wA(S
♯AT ) = max
{‖T‖2A, ‖S‖2A}.
In Section 3, we derive several A-numerical radius inequalities for semi-Hilbertian
space operators. In particular, we obtain some refinements on the inequalities
(1.3). Moreover, for T ∈ BA(H), we show that
wA(T
2) ≤ w2A(T ) ≤ wA(T 2) +
1
2
min
{
‖T − T ♯A‖2A, ‖T + T ♯A‖
2
A
}
.
Several applications of our inequalities are also provided. As far as we know,
Theorems 2.3, 2.7, 2.8, 3.6, and 3.12 are new even in the case that the underlying
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operator A is the identity operator. In the case that A is only positive semi-
definite, some improvements of [18, Theorems 2.10, 2.11] have been made; see
Theorems 3.3 and 3.6.
2. seminorm inequalities and equalities for semi-Hilbertian space
operators
We start this section with a refinement of the triangle inequality for semi-
Hilbertian space operators as follows.
Lemma 2.1. Let T, S ∈ BA(H). Then
‖T + S‖A ≤ 2
∫ 1
0
∥∥tT + (1− t)S∥∥
A
dt ≤ ‖T‖A + ‖S‖A.
Proof. Let f(t) :=
∥∥tT + (1− t)S∥∥
A
for t ∈ R. It is easy to see that the function
f : R→ R is convex, and so by the Hermite–Hadamard inequality (see, e.g., [16,
p. 137]), we have
f
(
0 + 1
2
)
≤ 1
1− 0
∫ 1
0
f(t)dt ≤ f(0) + f(1)
2
.
Thus ∥∥∥∥12T +
1
2
S
∥∥∥∥
A
≤
∫ 1
0
∥∥tT + (1− t)S∥∥
A
dt ≤ ‖S‖A + ‖T‖A
2
,
and hence
‖T + S‖A ≤ 2
∫ 1
0
∥∥tT + (1− t)S∥∥
A
dt ≤ ‖T‖A + ‖S‖A.

Remark 2.2. The following example shows that the inequality in Lemma 2.1 is a
nontrivial improvement. Consider A =
[
1 0
0 2
]
, T =
[
1 0
0 0
]
, and S =
[
0 0
1 0
]
. It
is easy to see that ‖T‖A = 1, ‖S‖A =
√
2, ‖T + S‖A =
√
3, and∫ 1
0
∥∥tT + (1− t)S∥∥
A
dt =
∫ 1
0
√
3t2 − 4t+ 2dt = 0.98538.
Therefore,
‖T + S‖A ≃ 1.73 < 2
∫ 1
0
∥∥tT + (1− t)S∥∥
A
dt ≃ 1.97 < ‖T‖A + ‖S‖A ≃ 2.41.
Now we apply the above result to obtain an improvement of the second in-
equality in (1.3).
Theorem 2.3. Let T ∈ BA(H). Then
wA(T ) ≤ sup
θ∈R
∫ 1
0
∥∥teiθT + (1− t)T ♯A∥∥
A
dt ≤ ‖T‖A.
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Proof. Let θ ∈ R. Applying Lemma 2.1 with T := ei
θ
2 T
2
and S := (e
i θ
2 T )♯A
2
, we get∥∥∥∥∥
ei
θ
2 T
2
+
(ei
θ
2T )♯A
2
∥∥∥∥∥
A
≤ 2
∫ 1
0
∥∥∥∥∥t
ei
θ
2 T
2
+ (1− t) (e
i θ
2 T )♯A
2
∥∥∥∥∥
A
dt ≤
∥∥∥∥∥
ei
θ
2 T
2
∥∥∥∥∥
A
+
∥∥∥∥∥
(ei
θ
2T )♯A
2
∥∥∥∥∥
A
.
Since
∥∥tei θ2T + (1− t)(ei θ2T )♯A∥∥
A
=
∥∥teiθT + (1− t)T ♯A∥∥
A
and ‖(ei θ2T )♯A‖A =
‖T‖A by (1.1), the above double inequality gives∥∥∥∥∥
ei
θ
2T + (ei
θ
2T )♯A
2
∥∥∥∥∥
A
≤
∫ 1
0
∥∥teiθT + (1− t)T ♯A∥∥
A
dt ≤ ‖T‖A. (2.1)
Taking the supremum over θ ∈ R in (2.1), we deduce that
sup
θ∈R
∥∥∥∥∥
ei
θ
2T + (ei
θ
2T )♯A
2
∥∥∥∥∥
A
≤ sup
θ∈R
∫ 1
0
∥∥teiθT + (1− t)T ♯A∥∥
A
dt ≤ ‖T‖A. (2.2)
Finally, by (1.2) and (2.2), we conclude that
wA(T ) ≤ sup
θ∈R
∫ 1
0
∥∥teiθT + (1− t)T ♯A∥∥
A
dt ≤ ‖T‖A.

In the following theorem, we give a necessary and sufficient condition for the
equality ‖T + S‖A = ‖T‖A + ‖S‖A in BA(H). We use some ideas of [6, Theorem
2.1].
Theorem 2.4. Let T, S ∈ BA(H). Then the following conditions are equivalent:
(i) ‖T + S‖A = ‖T‖A + ‖S‖A.
(ii) There exists a sequence of A-unit vectors {xn} in H such that
lim
n→+∞
〈Txn, Sxn〉A = ‖T‖A ‖S‖A.
Proof. (i)⇒(ii) Let ‖T + S‖A = ‖T‖A + ‖S‖A. Then there exists a sequence of
A-unit vectors {xn} in H such that
lim
n→+∞
‖Txn + Sxn‖A = ‖T + S‖A. (2.3)
For every n ∈ N, we have
‖Txn + Sxn‖A ≤ ‖Txn‖A + ‖Sxn‖A ≤ ‖Txn‖A + ‖S‖A ≤ ‖T‖A + ‖S‖A,
whence
lim
n→+∞
(‖Txn‖A + ‖S‖A) = ‖T‖A + ‖S‖A.
From this, we conclude that
lim
n→+∞
‖Txn‖A = ‖T‖A. (2.4)
Similarly, we obtain
lim
n→+∞
‖Sxn‖A = ‖S‖A. (2.5)
6 M.S. MOSLEHIAN, Q. XU and A. ZAMANI
Since
‖Txn + Sxn‖2A = ‖Txn‖2A + 2Re〈Txn, Sxn〉A + ‖Sxn‖2A
for every n ∈ N, from (2.3), (2.4), and (2.5), we obtain
lim
n→+∞
Re〈Txn, Sxn〉A = ‖T‖A ‖S‖A. (2.6)
In addition, for every n ∈ N, we have
Re2〈Txn, Sxn〉A + Im2〈Txn, Sxn〉A = |〈Txn, Sxn〉A|2 ≤ ‖T ‖A ‖S‖A,
and so by (2.6), we conclude that lim
n→+∞
Im〈Txn, Sxn〉A = 0. It follows from (2.6)
that
lim
n→+∞
〈Txn, Sxn〉A = ‖T‖A ‖S‖A.
(ii)⇒(i) Suppose that there exists a sequence of A-unit vectors {xn} in H such
that
lim
n→+∞
〈Txn, Sxn〉A = ‖T‖A ‖S‖A.
Hence lim
n→+∞
Re〈Txn, Sxn〉A = ‖T‖A ‖S‖A. Since
‖T‖2A + 2|〈Txn, Sxn〉A|+ ‖S‖2A = ‖T‖2A + 2|〈S♯ATxn, xn〉A|+ ‖S‖2A
≤ ‖T‖2A + 2‖S♯ATxn‖A + ‖S‖2A
≤ ‖T‖2A + 2‖S♯A‖A‖Txn‖A + ‖S‖2A
≤ ‖T‖2A + 2‖S‖A‖T‖A + ‖S‖2A = (‖T‖A + ‖S‖A)2
for every n ∈ N, we have lim
n→+∞
‖Txn‖A = ‖T‖A and
lim
n→+∞
‖S♯ATxn‖A = ‖S‖A ‖T‖A. (2.7)
By a similar argument, we get lim
n→+∞
‖Sxn‖A = ‖S‖A. Thus,
(‖T‖A + ‖S‖A)2 = limn→+∞‖Txn‖
2
A + 2 limn→+∞
Re〈Txn, Sxn〉A + limn→+∞‖Sxn‖
2
A
= lim
n→+∞
‖(T + S)xn‖2A ≤ ‖T + S‖2A ≤ (‖T‖A + ‖S‖A)2.
Hence ‖T + S‖A = ‖T‖A + ‖S‖A. 
As a consequence of Theorem 2.4, we have the following result.
Corollary 2.5. Let T, S ∈ BA(H) such that S♯AT is A-positive. Then the fol-
lowing conditions are equivalent:
(i) ‖T + S‖A = ‖T‖A + ‖S‖A.
(ii) ‖S♯AT‖A = ‖S‖A ‖T‖A.
Proof. Let ‖T + S‖A = ‖T‖A + ‖S‖A. There exists a sequence of A-unit vectors
{xn} in H such that (2.7) is satisfied. Therefore,
‖S‖A ‖T‖A = limn→+∞‖S
♯ATxn‖A ≤ ‖S♯AT‖A ≤ ‖S♯A‖A ‖T‖A = ‖S‖A ‖T‖A,
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and hence ‖S♯AT‖A = ‖S‖A ‖T‖A.
Conversely, assume that ‖S♯AT‖A = ‖S‖A ‖T‖A. Since S♯AT is A-positive,
there exists a sequence of A-unit vectors {xn} in H such that
lim
n→+∞
〈S♯ATxn, xn〉A = ‖S♯AT‖A.
Thus lim
n→+∞
〈Txn, Sxn〉A = ‖T‖A ‖S‖A. Hence, by Theorem 2.4, we get ‖T + S‖A =
‖T‖A + ‖S‖A. 
Next, we present another improvement of the triangle inequality for semi-
Hilbertian space operators.
Proposition 2.6. Let T, S ∈ BA(H). Then
‖T + S‖A ≤
(
‖T ♯AT + S♯AS‖A + 2wA(S♯AT )
)1/2
≤ ‖T‖A + ‖S‖A.
Proof. Let x ∈ H with ‖x‖A = 1. Then
‖Tx+ Sx‖2A = 〈Tx, Tx〉A + 〈Sx, Sx〉A + 2Re〈Tx, Sx〉A
≤ 〈T ♯ATx, x〉A + 〈S♯ASx, x〉A + 2
∣∣〈Tx, Sx〉A∣∣
=
〈
(T ♯AT + S♯AS)x, x
〉
A
+ 2
∣∣〈S♯ATx, x〉A∣∣
≤ ‖T ♯AT + S♯AS‖A + 2wA(S♯AT ).
Thus
‖Tx+ Sx‖2A ≤ ‖T ♯AT + S♯AS‖A + 2wA(S♯AT ).
Taking the supremum over unit vectors x ∈ H in the above inequality, we arrive
at
‖T + S‖2A ≤ ‖T ♯AT + S♯AS‖A + 2wA(S♯AT ). (2.8)
Further, by (1.1) and (1.3), we have
wA(S
♯AT ) ≤ ‖S♯AT‖A ≤ ‖S♯A‖A ‖T‖A = ‖S‖A ‖T‖A. (2.9)
So, by (1.1) and (2.9), we obtain
‖T ♯AT + S♯AS‖A + 2wA(S♯AT )
≤ ‖T ♯AT‖A + ‖S♯AS‖A + 2‖S‖A ‖T‖A
= ‖T‖2A + ‖S‖2A + 2‖S‖A ‖T‖A =
(‖T‖A + ‖S‖A)2.
Hence
‖T ♯AT + S♯AS‖A + 2wA(S♯AT ) ≤
(‖T‖A + ‖S‖A)2. (2.10)
Utilizing (2.8) and (2.10), we deduce the desired result. 
If T, S ∈ BA(H), then ‖T + S‖A ≤ ‖T‖A + ‖S‖A and hence
‖T + S‖A ≤ 2max
{‖T‖A, ‖S‖A}. (2.11)
In the following theorem, we mimic [11, Theorem 2.5] to prove a condition for
the equality in (2.11).
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Theorem 2.7. Let T, S ∈ BA(H). Then the following conditions are equivalent:
(i) ‖T + S‖A = 2max
{‖T‖A, ‖S‖A}.
(ii) wA(S
♯AT ) = max
{‖T‖2A, ‖S‖2A}.
Proof. (i)⇒(ii) Let ‖T + S‖A = 2max
{‖T‖A, ‖S‖A}. Since
‖T + S‖A ≤ ‖T‖A + ‖S‖A ≤ 2max
{‖T‖A, ‖S‖A},
we get
‖T‖A + ‖S‖A = 2max
{‖T‖A, ‖S‖A}.
Hence ‖T‖A = ‖S‖A = max
{‖T‖A, ‖S‖A}. Thus ‖T + S‖A = ‖T‖A + ‖S‖A. By
Theorem 2.4, there exists a sequence of A-unit vectors {xn} in H such that
lim
n→+∞
〈Txn, Sxn〉A = ‖T‖A ‖S‖A.
This implies
max
{‖T‖2A, ‖S‖2A} = ‖T‖A ‖S‖A ≤ wA(S♯AT ). (2.12)
Further, by the second inequality in (1.3) and the arithmetic-geometric mean
inequality, we have
wA(S
♯AT ) ≤ ‖S♯AT ‖A ≤ ‖S♯A‖A ‖T ‖A = ‖T ‖A ‖S‖A ≤
‖T ‖2A + ‖S‖2A
2
≤ max{‖T ‖2A, ‖S‖2A}
(2.13)
and hence
wA(S
♯AT ) ≤ max{‖T‖2A, ‖S‖2A}. (2.14)
By (2.12) and (2.14), we conclude that wA(S
♯AT ) = max
{‖T‖2A, ‖S‖2A}.
(ii)⇒(i) Let wA(S♯AT ) = max
{‖T‖2A, ‖S‖2A}. From (2.13) it follows that
max
{‖T‖2A, ‖S‖2A} = wA(S♯AT ) ≤ ‖T‖A ‖S‖A ≤ max{‖T‖2A, ‖S‖2A},
which yields ‖T‖A = ‖S‖A and wA(S♯AT ) = ‖T‖A ‖S‖A. So there exists a se-
quence of A-unit vectors {xn} in H such that lim
n→+∞
〈S♯ATxn, xn〉A = ‖T‖A ‖S‖A,
or equivalently, lim
n→+∞
〈Txn, Sxn〉A = ‖T‖A ‖S‖A. Now, by Theorem 2.4, we ob-
tain ‖T + S‖A = ‖T‖A + ‖S‖A and so ‖T + S‖A = 2max
{‖T‖A, ‖S‖A}. 
It is easy to see that Pythagoras’ equality does not hold for semi-Hilbertian
space operators. The following theorem characterizes when Pythagoras’ equality
holds for semi-Hilbertian space operators.
Theorem 2.8. Let T, S ∈ BA(H) such that S♯AT = 0. Then the following
conditions are equivalent:
(i) ‖T + S‖2A = ‖T‖2A + ‖S‖2A.
(ii) There exists a sequence of A-unit vectors {xn} in H such that
lim
n→+∞
〈T ♯ATxn, S♯ASxn〉A = ‖T‖2A ‖S‖2A.
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Proof. Due to S♯AT = 0, we have T ♯A(S♯A)♯A = 0. Hence S♯A(T ♯A)♯A = 0. Thus
‖T + S‖2A =
∥∥∥(T + S)♯A((T + S)♯A)♯A
∥∥∥
A
=
∥∥∥T ♯A(T ♯A)♯A + T ♯A(S♯A)♯A + S♯A(T ♯A)♯A + S♯A(S♯A)♯A
∥∥∥
A
= ‖T ♯A(T ♯A)♯A + S♯A(S♯A)♯A‖A
= ‖(T ♯AT + S♯AS)♯A‖
A
= ‖T ♯AT + S♯AS‖A.
Hence
‖T + S‖2A = ‖T ♯AT + S♯AS‖A. (2.15)
Now, let ‖T + S‖2A = ‖T‖2A + ‖S‖2A. Then, by (1.1) and (2.15), it follows that
‖T ♯AT‖A + ‖S♯AS‖A = ‖T + S‖2A = ‖T ♯AT + S♯AS‖A.
Hence
‖T ♯AT‖A + ‖S♯AS‖A = ‖T ♯AT + S♯AS‖A.
In view of Theorem 2.4, there exists a sequence of A-unit vectors {xn} in H such
that
lim
n→+∞
〈T ♯ATxn, S♯ASxn〉A = ‖T ♯AT‖A ‖S♯AS‖A,
and so
lim
n→+∞
〈T ♯ATxn, S♯ASxn〉A = ‖T‖2A ‖S‖2A.
To prove the converse, suppose that there exists a sequence of A-unit vectors
{xn} in H such that lim
n→+∞
〈T ♯ATxn, S♯ASxn〉A = ‖T‖2A ‖S‖2A. Therefore,
lim
n→+∞
〈T ♯ATxn, S♯ASxn〉A = ‖T ♯AT‖A ‖S♯AS‖A.
It follows from Theorem 2.4 that ‖T ♯AT + S♯AS‖A = ‖T ♯AT‖A + ‖S♯AS‖A. Now,
(1.1) and (2.15) yield that ‖T + S‖2A = ‖T‖2A + ‖S‖2A. 
3. Further refinements of A-numerical radius inequalities for
semi-Hilbertian space operators
In this section, inspired by the numerical radius inequalities of bounded linear
operators in [1, 8, 11], we derive several A-numerical radius inequalities for semi-
Hilbertian space operators. Our first result reads as follows.
Proposition 3.1. Let T ∈ BA(H). Then
1
2
max
{
‖T − T ♯A‖A, ‖T + T ♯A‖A
}
≤ wA(T ) ≤ 1
2
(
‖T − T ♯A‖2A + ‖T + T ♯A‖
2
A
)1/2
.
Proof. Employing
(
(T ♯A)♯A
)♯A = T ♯A , one can easily observe that the operators
T ♯A ± (T ♯A)♯A are A-normal. Thus
wA
(
T ♯A ± (T ♯A)♯A) = ∥∥T ♯A ± (T ♯A)♯A∥∥
A
. (3.1)
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Let x ∈ H with ‖x‖A = 1. By the triangle inequality, we have
|〈Tx, x〉A|2 =
1
2
(
|〈T ♯Ax, x〉A|2 + |〈(T ♯A)♯Ax, x〉A|2
)
≥ 1
4
(
|〈T ♯Ax, x〉A|+ |〈(T ♯A)♯Ax, x〉A|
)2
≥ 1
4
∣∣∣〈(T ♯A ± (T ♯A)♯A)x, x〉
A
∣∣∣2.
Taking the supremum over unit vectors x ∈ H, we obtain
w2A(T ) ≥
1
4
wA
(
T ♯A ± (T ♯A)♯A).
This together with (3.1) and (1.1) gives
w2A(T ) ≥
1
4
∥∥T ♯A ± (T ♯A)♯A∥∥2
A
=
1
4
‖T ± T ♯A‖2A, (3.2)
which yields
1
2
max
{
‖T − T ♯A‖A, ‖T + T ♯A‖A
}
≤ wA(T ). (3.3)
Again, let x ∈ H with ‖x‖A = 1. By the parallelogram identity, we have
|〈Tx, x〉A|2 =
1
2
(
|〈Tx, x〉A|2 + |〈T ♯Ax, x〉A|2
)
=
1
4
(∣∣〈(T + T ♯A)x, x〉
A
∣∣2 + ∣∣〈(T − T ♯A)x, x〉
A
∣∣2)
≤ 1
4
(
‖T − T ♯A‖2A + ‖T + T ♯A‖
2
A
)
.
Taking the supremum over x ∈ H with ‖x‖A = 1 in the above inequality, we get
w2A(T ) ≤
1
4
(
‖T − T ♯A‖2A + ‖T + T ♯A‖
2
A
)
,
and hence
wA(T ) ≤ 1
2
(
‖T − T ♯A‖2A + ‖T + T ♯A‖
2
A
)1/2
. (3.4)
From (3.3) and (3.4), we deduce the desired result. 
Remark 3.2. The first inequality in Proposition 3.1 has recently been proved by
a different way in [18, Corollary 2.7].
Theorem 3.3. Let T ∈ BA(H). Then
1
2
max
{
‖T 2 − (T ♯A)2‖1/2A , ‖T 2 + (T ♯A)2‖
1/2
A
}
≤ wA(T ) ≤
√
2
2
(
‖T ‖2A + wA(T 2)
)1/2
.
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Proof. It follows from (3.2) that w2A(T ) ≥ 14‖T ± T ♯A‖
2
A. Therefore,
w2A(T ) ≥
1
8
(
‖T + T ♯A‖2A + ‖T − T ♯A‖
2
A
)
≥ 1
8
(
‖(T + T ♯A)2‖A + ‖(T − T ♯A)2‖A
)
≥ 1
8
‖(T + T ♯A)2 + (T − T ♯A)2‖A
=
1
4
‖T 2 + (T ♯A)2‖A,
and so
1
2
‖T 2 + (T ♯A)2‖1/2A ≤ wA(T ). (3.5)
Utilizing a similar argument as in Proposition 3.1, we get w2A(T ) ≥ 14‖T ± iT ♯A‖
2
A.
Hence,
w2A(T ) ≥
1
8
(
‖T + iT ♯A‖2A + ‖T − iT ♯A‖
2
A
)
≥ 1
8
(
‖(T + iT ♯A)2‖A + ‖(T − iT ♯A)2‖A
)
≥ 1
8
∥∥(T + iT ♯A)2 + (T − iT ♯A)2∥∥
A
=
1
4
‖T 2 − (T ♯A)2‖A.
Hence
1
2
‖T 2 − (T ♯A)2‖1/2A ≤ wA(T ). (3.6)
From (3.5) and (3.6), we conclude that
1
2
max
{
‖T 2 − (T ♯A)2‖1/2A , ‖T 2 + (T ♯A)2‖
1/2
A
}
≤ wA(T ).
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Now, let x ∈ H with ‖x‖A = 1. Then
|〈Tx, x〉A|2 =
1
2
(
|〈Tx, x〉A|2 + |〈x, T ♯Ax〉A|2
)
=
1
2
〈
x, 〈x, Tx〉ATx+ 〈x, T ♯Ax〉AT ♯Ax
〉
A
≤ 1
2
∥∥∥〈x, Tx〉ATx+ 〈x, T ♯Ax〉AT ♯Ax
∥∥∥
A
=
1
2
(
|〈x, Tx〉A|2‖Tx‖2A + |〈x, T ♯Ax〉A|2‖T ♯Ax‖
2
A
+ 2Re
(
〈x, Tx〉A〈T ♯Ax, x〉A〈Tx, T ♯Ax〉A
))1/2
≤ 1
2
(
|〈x, Tx〉A|2‖T‖2A + |〈x, T ♯Ax〉A|2‖T ♯A‖
2
A
+ 2|〈x, Tx〉A| |〈T ♯Ax, x〉A| |〈Tx, T ♯Ax〉A|
)1/2
=
1
2
(
|〈Tx, x〉A|2‖T‖2A + |〈Tx, x〉A|2‖T‖2A + 2|〈Tx, x〉A|2 |〈T 2x, x〉A|
)1/2
=
√
2
2
|〈Tx, x〉A|
(
‖T‖2A + |〈T 2x, x〉A|
)1/2
≤
√
2
2
|〈Tx, x〉A|
(
‖T‖2A + wA(T 2)
)1/2
.
Thus
|〈Tx, x〉A| ≤
√
2
2
(
‖T‖2A + wA(T 2)
)1/2
. (3.7)
Clearly this inequality holds also when 〈Tx, x〉A = 0. Taking the supremum over
unit vectors x ∈ H in (3.7), we deduce that
wA(T ) ≤
√
2
2
(
‖T‖2A + wA(T 2)
)1/2
.

Remark 3.4. From the above theorem and (1.3), we obviously have
wA(T ) ≤
√
2
2
(
‖T‖2A + wA(T 2)
)1/2
≤ ‖T‖A.
Thus the second inequality obtained by us in Theorem 3.3 improves the second
inequality of (1.3). The following example shows that it is a nontrivial improve-
ment. Consider A =
[
1 0
0 2
]
and T =
[
1 2
0 1
]
. Then simple computations show
that ‖T‖A =
√
2 +
√
3, wA(T ) =
2+
√
2
2
, and wA(T
2) = 1 +
√
2. Thus
wA(T ) ≃ 1.71 <
√
2
2
(
‖T‖2A + wA(T 2)
)1/2
≃ 1.75 < ‖T‖A ≃ 1.93.
The following lemma will be useful in the proof of the next result.
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Lemma 3.5. Let X, Y ∈ B(H). Then
(XY + Y X)2 + (X2 + Y 2)2 =
1
2
(X + Y )4 +
1
2
(X − Y )4.
Proof. The proof is trivial. 
Theorem 3.6. Let T ∈ BA(H). Then
( 1
16
‖TT ♯A + T ♯AT‖
2
A +
1
16
cA
((
T
2 + (T ♯A)2
)
2
))
1/4
≤ wA(T ) ≤
(1
8
‖TT ♯A + T ♯AT‖
2
A +
1
2
w
2
A(T
2)
)
1/4
.
Proof. Let x ∈ H with ‖x‖A = 1. Applying Lemma 3.5 with X := T ♯A and
Y := (T ♯A)♯A , we get
(
T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
)2
+
(
(T ♯A)2 + ((T ♯A)♯A)2
)2
=
1
2
(
T ♯A + (T ♯A)♯A
)4
+
1
2
(
T ♯A − (T ♯A)♯A)4.
Thus
〈(
T
♯A (T ♯A)♯A + (T ♯A)♯AT ♯A
)
2
x, x
〉
A
+
〈(
(T ♯A)2 + ((T ♯A)♯A)2
)
2
x, x
〉
A
=
1
2
〈(
T
♯A + (T ♯A)♯A
)
4
x, x
〉
A
+
1
2
〈(
T
♯A − (T ♯A)♯A
)
4
x, x
〉
A
.
This implies that
〈(
T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
)2
x, x
〉
A
+ cA
((
(T ♯A)2 + ((T ♯A)♯A)2
)2)
≤ 1
2
∥∥∥(T ♯A + (T ♯A)♯A)4
∥∥∥
A
+
1
2
∥∥∥(T ♯A − (T ♯A)♯A)4
∥∥∥
A
.
Therefore, we get
〈(
T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
)2
x, x
〉
A
+ cA
((
T 2 + (T ♯A)2
)2)
≤ 1
2
‖T ♯A + (T ♯A)♯A‖4A +
1
2
‖T ♯A − (T ♯A)♯A‖4A
= 8
∥∥∥∥T + T
♯A
2
∥∥∥∥
4
A
+ 8
∥∥∥∥T − T
♯A
2
∥∥∥∥
4
A
.
It follows from Proposition 3.1 that
〈(
T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
)2
x, x
〉
A
+ cA
((
T 2 + (T ♯A)2
)2) ≤ 8w4A(T ) + 8w4A(T ) = 16w4A(T ).
Taking the supremum over x ∈ H with ‖x‖A = 1 in the above inequality, we
obtain ( 1
16
‖TT ♯A + T ♯AT‖2A +
1
16
cA
((
T 2 + (T ♯A)2
)2))1/4 ≤ wA(T ). (3.8)
Now, let θ ∈ R. Then by letting X = (eiθT )♯A and Y = ((eiθT )♯A)♯A in Lemma
3.5, we have
(
(eiθT )♯A((eiθT )♯A)♯A + ((eiθT )♯A)♯A(eiθT )♯A
)
2
+
(
((eiθT )♯A)2 +
(
((eiθT )♯A)♯A
)
2
)
2
=
1
2
(
(eiθT )♯A + ((eiθT )♯A)♯A
)
4
+
1
2
(
(eiθT )♯A − ((eiθT )♯A)♯A
)
4
.
Since
(eiθT )♯A((eiθT )♯A)♯A + ((eiθT )♯A)♯A(eiθT )♯A = T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
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and 1
2
(
(eiθT )♯A − ((eiθT )♯A)♯A
)4
is an A-positive operator, we have
1
2
(
(eiθT )♯A + ((eiθT )♯A)♯A
)
4
≤A
(
T
♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
)
2
+
(
((eiθT )♯A)2 +
(
((eiθT )♯A)♯A
)
2
)
2
.
Thus
1
2
∥∥∥
(
(eiθT )♯A + ((eiθT )♯A )♯A
)
4
∥∥∥
A
≤
∥∥∥
(
T ♯A (T ♯A )♯A + (T ♯A )♯AT ♯A
)
2
∥∥∥
A
+
∥∥∥
(
((eiθT )♯A )2 +
(
((eiθT )♯A )♯A
)
2
)
2
∥∥∥
A
.
Hence
1
2
∥∥∥(eiθT )♯A + ((eiθT )♯A)♯A
∥∥∥
4
A
≤
∥∥∥T ♯A(T ♯A)♯A + (T ♯A)♯AT ♯A
∥∥∥
2
A
+
∥∥∥((eiθT )♯A)2 + (((eiθT )♯A)♯A)2
∥∥∥
2
A
,
or equivalently by (1.1),
∥∥∥eiθT + (eiθT )♯A
2
∥∥∥
4
A
≤ 1
8
∥∥∥TT ♯A + T ♯AT
∥∥∥2
A
+
1
2
∥∥∥(eiθT )2 +
(
(eiθT )♯A
)2
2
∥∥∥
2
A
.
This together with (1.2) gives
w4A(T ) ≤
1
8
‖TT ♯A + T ♯AT‖2A +
1
2
w2A(T
2),
whence
wA(T ) ≤
(1
8
‖TT ♯A + T ♯AT‖2A +
1
2
w2A(T
2)
)1/4
. (3.9)
By (3.8) and (3.9), we deduce the desired result. 
Remark 3.7. Since ‖T‖2A ≤ ‖TT ♯A + T ♯AT‖A ≤ 2‖T‖2A and wA(T 2) ≤ ‖T‖2A, we
have
1
2
‖T‖A ≤
( 1
16
‖TT ♯A + T ♯AT‖2A +
1
16
cA
((
T 2 + (T ♯A)2
)2))1/4
and (1
8
‖TT ♯A + T ♯AT‖2A +
1
2
w2A(T
2)
)1/4
≤ ‖T‖A.
So, the inequalities in Theorem 3.6 improve inequalities (1.3). To see this, let A =[
1 −1
−1 2
]
and T =
[
1 0
1 1
]
. Easy computations show that wA(T ) = 2, wA(T
2) =
3, cA
((
T 2 + (T ♯A)2
)2)
= 4, ‖T‖A =
√
3 + 2
√
2, and ‖TT ♯A + T ♯AT‖A = 10.
Hence
1
2
‖T ‖A ≃ 1.21 <
( 1
16
‖TT ♯A + T ♯AT ‖2A +
1
16
cA
((
T 2 + (T ♯A)2
)2))1/4 ≃ 1.60 < wA(T ) = 2
and
wA(T ) = 2 <
(1
8
‖TT ♯A + T ♯AT ‖2A +
1
2
w2A(T
2)
)1/4
≃ 2.03 < ‖T ‖A ≃ 2.41.
Remark 3.8. Very recently, as our work was in progress, the second inequality in
Theorem 3.6 has been proved by Bhunia, Paul, and Nayak in [7]. Our approach
here is different from theirs.
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Let T ∈ BA(H). By inequalities (1.3), we have
wA(T
2) ≤ ‖T 2‖A ≤ ‖T‖2A ≤ 4w2A(T ). (3.10)
In the following result, we improve inequalities (3.10).
Proposition 3.9. Let T ∈ BA(H). Then wA(T 2) ≤ w2A(T ).
Proof. First, let us show that
‖Tx‖2A + |〈T 2x, x〉A| ≤ 2wA(T )‖Tx‖A (x ∈ H, ‖x‖A = 1). (3.11)
Let x ∈ H with ‖x‖A = 1. We consider two cases.
Case 1: ‖Tx‖A = 0. Then
|〈T 2x, x〉A| = |〈Tx, T ♯Ax〉A| ≤ ‖Tx‖A ‖T ♯Ax‖A = 0,
and so |〈T 2x, x〉A| = 0. Thus (3.11) is satisfied.
Case 2: ‖Tx‖A 6= 0. Let θ ∈ R such that 〈T 2x, x〉A = eiθ|〈T 2x, x〉A|. We have
‖Tx‖A +
|〈T 2x, x〉A|
‖Tx‖A
=
〈Tx, Tx〉A
‖Tx‖A
+
e−iθ〈T 2x, x〉A
‖Tx‖A
=
∣∣∣∣ei θ2
〈
Tx, T
(
x
‖Tx‖A
)〉
A
+ ei
θ
2
〈
T 2
(
e−iθx
‖Tx‖A
)
, x
〉
A
∣∣∣∣
=
1
2
∣∣∣
〈
T
(
x+ e−i
θ
2
Tx
‖Tx‖A
)
,
(
x+ e−i
θ
2
Tx
‖Tx‖A
)〉
A
−
〈
T
(
x− e−i θ2 Tx‖Tx‖A
)
,
(
x− e−i θ2 Tx‖Tx‖A
)〉
A
∣∣∣
≤ 1
2
∣∣∣∣
〈
T
(
x+ e−i
θ
2
Tx
‖Tx‖A
)
,
(
x+ e−i
θ
2
Tx
‖Tx‖A
)〉
A
∣∣∣∣
+
1
2
∣∣∣∣
〈
T
(
x− e−i θ2 Tx‖Tx‖A
)
,
(
x− e−i θ2 Tx‖Tx‖A
)〉
A
∣∣∣∣
≤ 1
2
wA(T )
∥∥∥∥x+ e−i θ2 Tx‖Tx‖A
∥∥∥∥
2
A
+
1
2
wA(T )
∥∥∥∥x− e−i θ2 Tx‖Tx‖A
∥∥∥∥
2
A
=
1
2
wA(T )
(∥∥∥∥x+ e−i θ2 Tx‖Tx‖A
∥∥∥∥
2
A
+
∥∥∥∥x− e−i θ2 Tx‖Tx‖A
∥∥∥∥
2
A
)
= 2wA(T ),
and hence ‖Tx‖A + |〈T
2x,x〉A|
‖Tx‖A ≤ 2wA(T ). Therefore (3.11) is satisfied.
Now, from (3.11) for x ∈ H with ‖x‖A = 1, we get
0 ≤ 2wA(T )‖Tx‖A − ‖Tx‖2A − |〈T 2x, x〉A|
= w2A(T )−
(
wA(T )− ‖Tx‖A
)2 − |〈T 2x, x〉A|
≤ w2A(T )− |〈T 2x, x〉A|,
which implies |〈T 2x, x〉A| ≤ w2A(T ). Taking the supremum over unit vectors
x ∈ H, we deduce that wA(T 2) ≤ w2A(T ). 
The following result is a reverse type inequality of the inequality in Proposition
3.9.
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Theorem 3.10. Let T ∈ BA(H). Then
w2A(T ) ≤ wA(T 2) +
1
2
min
{
‖T − T ♯A‖2A, ‖T + T ♯A‖
2
A
}
.
Proof. First observe that, by [18, Theorem 2.10], we have
2w2A(T ) ≤ ‖TT ♯A + T ♯AT‖A. (3.12)
Moreover,
‖TT ♯A + T ♯AT‖A = ‖(T
♯A )♯AT ♯A + T ♯A (T ♯A)♯A‖A
(
by (1.1)
)
= wA
(
(T ♯A)♯AT ♯A + T ♯A(T ♯A)♯A
)
(
since (T ♯A)♯AT ♯A + T ♯A(T ♯A)♯A is an A-selfadjoint operator
)
= wA
((
T
♯A ± (T ♯A)♯A
)♯A(T ♯A ± (T ♯A)♯A)∓ ((T ♯A)♯A (T ♯A)♯A + T ♯AT ♯A)
)
≤ wA
((
T
♯A ± (T ♯A)♯A
)♯A(T ♯A ± (T ♯A)♯A)
)
+ wA
(
(T ♯A)♯A (T ♯A)♯A
)
+ wA(T
♯AT
♯A
)
=
∥∥∥(T ♯A ± (T ♯A)♯A)♯A(T ♯A ± (T ♯A)♯A)
∥∥∥
A
+wA(T
2) + wA(T
2)
(
since
(
T ♯A ± (T ♯A)♯A
)♯A(T ♯A ± (T ♯A)♯A) is an A-selfadjoint operator)
=
∥∥∥T ♯A ± (T ♯A)♯A
∥∥∥
2
A
+ 2wA(T
2) =
∥∥∥T ± T ♯A
∥∥∥
2
A
+ 2wA(T
2),
(
by (1.1)
)
and so
‖TT ♯A + T ♯AT‖A ≤ 2wA(T 2) +
∥∥∥T ± T ♯A
∥∥∥2
A
. (3.13)
Finally, by (3.12) and (3.13), we conclude that
w2A(T ) ≤ wA(T 2) +
1
2
min
{
‖T − T ♯A‖2A, ‖T + T ♯A‖
2
A
}
.

For T, S ∈ BA(H), we clearly have wA(T +S) ≤ wA(T )+wA(S). The following
theorem deals with the equality wA(T + S) = wA(T ) + wA(S).
Theorem 3.11. Let T, S ∈ BA(H). Then the following conditions are equivalent:
(i) wA(T + S) = wA(T ) + wA(S).
(ii) There exists a sequence of A-unit vectors {xn} in H such that
lim
n→+∞
〈xn, Txn〉A〈Sxn, xn〉A = wA(T )wA(S).
Proof. The proof is similar to that of Theorem 2.4 and so we omit it. 
If T, S ∈ BA(H), then Proposition 3.9 ensures that
wA(T
2 + S2) ≤ wA(T 2) + wA(S2) ≤ w2A(T ) + w2A(S) ≤ 2max
{
w2A(T ), w
2
A(S)
}
,
and hence
wA(T
2 + S2) ≤ 2max{w2A(T ), w2A(S)}. (3.14)
Finally, we state a condition for the equality in (3.14) by applying Theorem 3.11.
Theorem 3.12. Let T, S ∈ BA(H). Then the following conditions are equivalent:
(i) wA(T
2 + S2) = 2max
{
w2A(T ), w
2
A(S)
}
.
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(ii) There exists a sequence of A-unit vectors {xn} in H such that
lim
n→+∞
〈xn, T 2xn〉A〈S2xn, xn〉A = max
{
w4A(T ), w
4
A(S)
}
.
Proof. Let wA(T
2 +S2) = 2max
{
w2A(T ), w
2
A(S)
}
. From the derivation of (3.14),
we have
wA(T
2) + wA(S
2) = w2A(T ) + w
2
A(S) = 2max
{
w2A(T ), w
2
A(S)
}
.
Hence wA(T
2) = wA(S
2) = w2A(T ) = w
2
A(S). Thus
wA(T
2 + S2) = wA(T
2) + wA(S
2).
By Theorem 3.11, there exists a sequence of A-unit vectors {xn} in H such that
lim
n→+∞
〈xn, T 2xn〉A〈S2xn, xn〉A = wA(T 2)wA(S2).
Since wA(T
2) = wA(S
2) = w2A(T ) = w
2
A(S), we have
lim
n→+∞
〈xn, T 2xn〉A〈S2xn, xn〉A = max
{
w4A(T ), w
4
A(S)
}
.
Conversely, assume that there exists a sequence of A-unit vectors {xn} in H
such that
lim
n→+∞
〈xn, T 2xn〉A〈S2xn, xn〉A = max
{
w4A(T ), w
4
A(S)
}
.
Then
max
{
w4A(T ), w
4
A(S)
} ≤ wA(T 2)wA(S2).
Hence, by Proposition 3.9 and the arithmetic-geometric mean inequality, we have
max
{
w4A(T ), w
4
A(S)
} ≤ wA(T 2)wA(S2)
≤ w2A(T )w2A(S)
≤ w
4
A(T ) + w
4
A(S)
2
≤ max{w4A(T ), w4A(S)}.
Thus wA(T
2) = w2A(T ) = w
2
A(S) = wA(S
2) and consequently,
lim
n→+∞
〈xn, T 2xn〉A〈S2xn, xn〉A = wA(T 2)wA(S2).
Again, by Theorem 3.11, we obtain wA(T
2 + S2) = wA(T
2) +wA(S
2), and hence
wA(T
2 + S2) = 2max
{
w2A(T ), w
2
A(S)
}
.

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